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Consequently, in view of the theorem on an implicit function /5/, for small €& in the space
A there is a solution S (r, ¢, &) of the equation # (S (r, ¢, ¢), & = 0, which differs only slightly
from S, The theorem is proved.

Returning to the old variables ; and Z,, we obtain at least a function of the class ™
The solutions obtained, as in Sect.2, define the manifolds ¥y = -+38/9r of the phase trajec-
tories of asymptotic motions (compare with /2/).
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PERIODIC SOLUTIONS OF HAMILTONIAN SYSTEMS IN CERTAIN DEGENERATE CASES™

YU.V. BARKIN and A.A. PANKRATOV

Periodic sclutions of a canonical system of differential equations with
a special type Hamiltonian, i.e, of the so-called fundamental problem of
dynamics /1/, are investigated. A method of constructing the conditions
of periodicity of the solutions is given and a non-linear analysis of
the solutions is carried out. The method enables the Poincare's classical
conditions of existence, as well as of the new conditions of existence
of periodic solutions in degenerate cases to be derived. The cases of
degeneracy discussed here appear very frequently in various problems of
dynamics. The results obtained are illustrated by finding new periodic
solutions for the problem of the motion of a heavy rigid body about a
fixed point.

1. Formulation of the problem. Consider the following system of canonical dif-
ferential equations:

T GT W T T @ T T & ot

I :':(ph"-s Pz)T, J Z(qux R pN)T» p:(Ph ceey pN)T == (LJ)T

¢=(q1 ... 99:)T’ Y={Gts1:-- -+ ?N)Ta

qg=(q, .. .. g} =(g, )7

Hp q t, W=Ho M)+ pH (p, g )+ ..., [pnl1 (1.2)

dl aH di __ #H do aH dp oH (1.1)

Let H be an analytic function of the position variables p, the canonical angle variables
q and the time t, in the region D x TV X T, where D is a bounded connected region RN {p;,
..., Pn} of the N-dimensional plane, T¥ {¢;, ..., gvmod 27} is an N~dimensional torus and
Tt {t mod To}. Then the functions H;{p, q.?) (i>>1) can be expanded in convergent Fourier
series over the multiple angle variables g and Qf{Q = 2r/T, is the fundamental frequency and
Ty 1is the period)

*prikl.Matem.Mekhan.,51,2,235-243,1987
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Hipq. )= BN Tcos (kP + kPp+kn i)+ (1.3)

IR 11220

HI® A0 (1, Jysin (kP + kP + kwaaf2)
KV = (koo k) kP = (.. k), k= (&P, k)

N
MEZ (=1, ,N+1), [k|=[K]+ k%)= 3 k|

Egs. {(1.1)~{1.3) represent an important example of a system of differential equations
close to integrable which frequently arise in celestial mechanics.

The right-hand sides of Eqs.(1.1)~(1.3) are T;-periodic functions of time. The fundamental
problem studied in this paper is whether the equations have periodic solutions with period T
which is a multiple of Ty, at least for sufficiently small values of the parameter e

Poincare obtained the sufficient condition for the existence of periodic solutions of
Egs. {1.1)-(1.3) in a form suitable for practical applications. However, in a number of
practical cases (e.g. in problems of the translational and rotational motion of satellites)
the classical Poincar€ conditions do not hold. The question of the existence of periodic
solutions in such cases (in what follows we shall call these cases singular or degenerate)
remains, generally speaking, an open one.

Below we study the cases when the Poincaré—averaqed function H, depends on the generating
values of some of the variables only., Similar cases are encountered in many problems of
celestial mechanics, for example in the study of high-order resonances.

when p =0, (1.1)-(1.3) yields a generating f{unperturbed) system of equations whose
general solution is

I=To, J=Jo, @=nf+ @, P==1o

8H, oH, OH N\ T
n— —{—z L —
oIt (

resl, T ol )
Here I, Jo, 90, ¥ are arbitrary constants of integration, and n is a column vector of
the frequencies of the unperturbed solution.

I

Let us suppose that (p,®, ... pMT = a; are found such that the corresponding frequencies
will be rationally commensurable with Q, i.e.

(n® (ag), Q)T = c (s, . .., by k)T, n® = — 9Ho/0a,T (1.4)

Here ¢z 0 is an arbitrary constant %, &Z and 1M (k, ..., &, F,,) = 1. Then we shall

call the solution of the unperturbed system corresponding to a; according to Poincaré, periodic
with period T = 2nky.,/Q. The solution {or, more accurately, a family of periodic solutions),
is given by the formulas ,

T==a, J:==Jo, @=n®t 4 qo, P=1po (1.5)

We shall seek the T-periodic solutions of the initial system (1.1)~(1.3) which will
transform to the solution (1.5) when =0, It is possible that such solutions exist only
for some specified values of J;, @ and %, We shall call them the generating solutions and
denote them by 8; @ and @, respectively, We shall also call the periodic solution of the
unperturbed system

I=a;, J=a; ¢=n0+a, Pp=ao (1.6)

to which the T-periodic solution of the system (1.1)-(1.3) tends as p— 0, the generating
solution,
Let us consider the general solution of system {(1.1)-(1.3) using Poincar€ theorem /1/.

Theorem 1. Let the following system be given:

% =X (x, t, p) = X (x, 2} + pX"¥ (3.(, ) X (x, f) .. (1.7)
x==(ry,...,2n)7, X(x t,p)=(X1, Xa....XN)T

Then, provided that: 1) when B =0, the system (1.7) has a solution x = x® {f) analytic
when |t— ;| <Ck; 2) the function X (x, {, p) is analytic in the region @ X {(fg —h, t, -+ h) %
(—#e, Mo} where G denotes the neighbourhood of the set (XS RN x=xO(1), |t — ¢t | <<h) 3
the parameters p and v, (s=1,..., N) are sufficiently small in modulus, where g & (—fo Ho)s

v, =, (to) — @ (tg), x5 (t)) and 1z, (£,) are the initial values of the variables for the solution
sought and for the generating solution, then when u =0, £& (¢q —h, 1t~ hk), then the solution
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of system (1.7) will be represented by the following, absolutely convergent series:

z, (1) =20 @) + 5 2™ MmN (e VpI

i 1.8
Jifit-m py 221 ¢ (1.8)
me= (my, ... omy)ym =012 ...(=1 2 ...,N+1)
In particular, when z ({p) = 2,9 {({;), then the solution of (1.7) will have the form
zo(t)=a" (1) + 3wl 1.9)
f==

The results of the above theorem can be extended at once to the system of canonical Egs.
(L.1)-(1.3).

Therefore the solution of (l1.1)-(1.3) with arbitrary initial conditions
t=0, I=1,, J=Jo, @g=qo, Y=1po (1.10)

i.e. the general solution for sufficiently small pn, is represented by the absolutely convergent
series of the form (1.9)

U="U, + X p"U, (e, Jo, 0t + Go, o, t) (1.11)
m=1

@=nf 4 ¢+ 3 w"@nTo, Jo, nt - @o, Yo, 1)
me1

Ur=a"37, — 5, U737, —) (=0,1,2,..)

We note that by virtue of the choice of initial conditions we have
t=0, I,=¢,=0, J,=v¢,=0 m=1,2,...)

The series (1.11) are convergent in the time interval ¢ & (—h,h) (for sufficiently low

values of W, 2> 7T) and their coefficients are found by integrating a known sequence of
systems of differential equations.

2. A method of studying the conditions of periodicity of the solutions.
The solution (1.1) will be T-periodic if and only if the following conditions hold:
UM —U0)=0, ¢()—qg(0)—nO7 =0 2.1)
We obtain the solution of Egs.(l.1)-(1.3) with initial conditions
Io=a1+p1, Jo=a:+f:, qo=a1+v1, Po=o2+y: 2.2

where Bi, Pay V1, ¥; are small quantities, directly from formulas (1.11). The solution will be
represented by the series

U= (a1 -+ p1, as + P2, — @ — y2)7 + (2.3)
) p"Up(ar + B, 4z + P, 0t + @1 + v, 0 + 2. 8)
m=1

¢ =nt + o1+ N1+ glum¢m(al+ B1, a2+ Po, nt + ©1 491, 02+ P2, 8)

The quantities By, By, Y1, Y2 have the same meaning as the parameters v, in Poincaré's
theorem. This means that we can arrive at a series of the form (1.8) also by expanding the
coefficients I, Jmy @ms Pm of the solution (2.3) in series in powers of Bi, B ¥1, Y- To find
the coefficients of the series (2.3) it is sufficient, first to construct a solution of (1.1)-
(1.3) in the form of the series (1.1l1), and then replace the initial conditions in them accord-
ing to formulas (2.2).

Substituting series (2.3) into the conditions of periodicity (2.1), we obtain

W, (Br, Bz ¥1, 2, by = U(T) — U (0) = pUs(T) 4 p2Us(T) + ... =0 {2.49)
Vo (B, B2, ¥, V2 ) = @(T) — @ (0) — nOT =
(n—n(”))T +p.q)1(T)+ .=0

Next we construct Egs.(2.4) in explicit form (with the necessary accuracy of up to fi, v, p)
and apply the theorem on implicit functions.

In order to construct Egs. (2.4), we must determine the coefficients of the series (2.3)
and their values at the instant of time ¢ = T. The coefficients will be known, if we construct
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the solution in the form (1.11). The coefficients of series (1l.1ll) in turn are determined as

a result of integrating a known sequence of systems of differential equations (we omit these

equations for brevity). The computation of the functions I, (¢), I, (2), @m (£), Ym (1) (m =1, 2,
) is reduced to quadratures.

Further, using the coefficients I, I, @m, P computed up to the prescribed order and
the substitution (2.2), we construct the conditions of periodicity of (2.4) in the form of
series in powers of the small quantities B, 9, 1 to the required accuracy.

Thus the method of investigating the conditions of periodicity consists of the following
sequence of operations;

1°. We construct the first terms of the series (1.l1) representing the general solution
of Egs.(1.1)-(1.3).

2°. We find the values of the coefficients of these series for the instant of time ¢ = T.

39, Using the substitution (2.2) we write the conditions of perodicity in the from (2.4)
and carry out the necessary expansions in powers of the small parameters B;, vi, 1.

49, Using the corresponding theorems on implicit functions, we derive analytic formulas
representing the conditions of solvability of Egs.(2.4).

We note that Proskuryakov used the same method when studying the periodic solutions of
quasilinear systems /2/. Unlike in /2/, the present method is developed for the non-linear
systems (1.1)-(1.3) whose frequencies depend on the amplitudes.

The method can be made very flexible and efficient by using, at various stages of the
investigation of periodicity, not all the substitutions (2.2) simultaneously, but only some
of them.

We can obtain the following representations for the fundamental coefficients of (2.4):

U (T) [ 8*<Hy T &*<Hy #Ho (2.5)
T (aa,ayoT 2 dpody,” oada T '

(ol ar) )b+ o+ OB

dgodyoT —o 0a9a;7
T T 8%, 8 (H, 8tH, a{H 0<H>
@ ( ):—T o ;) o S {Hn} dt} —2H L oy
T dadm?T g day0a; apoT =

Us(7) T 3<V> e
= W= {fove_+

T
gl on— (F a2~

et ghe st
. 0qzoay0 t=o,/ Oada %0

<‘”v} {S(W}dt}>+ 28y 1 o)

ayo”

Here

t
WT — (_0H: _9H o0H, H, 8H, oH; 4,
Sl row R ey e, T T
9o Mpo 33y da, da,da, d 3¢,

Vz("H‘ oH, = 0H, 6H1>

T 0 T T O = (@7 %", Jo)

In (2.5) and further formulas in this paper we represent the periodic functions f = f (a,,
Jo, 0Ot + g, $o, £) by [ =<+ {f}, where

T

= \1ma

0

is a constant component of the function £ and {f} is its purely periodic part.

3. Classical conditions of existence. Expanding the coefficients of the first
approximation in (2.5) in series in powers of the small quantities B;,y;, we write the con-
ditions of periodicity in the form

& __ 8<Hy 9% CH ) 2 (H,»
T =gt T et Bt saanT T (3.4)
8% <Hy>
- ag.:”““( I+ .+ p(.)=0
#H
Yo=—T — 5P+ (...) BB+ p(...)=

0a,0a,
&7 = (a7, @,7, a,T)
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We can determine f,, P,, i, ¥» from system (3.1) as holomorphic functions of the parameter
i, provided that the equations contain no free terms and the determinant of the coefficients
accompanying the unknowns is different from zero. As a result we obtain the classical con-
ditions of Poincaré.

Theorem 2. Egs.(l1.1)-(1.3) have periodic solutions with period T = 2akn4/Q, generated
from the solution (1.6}, if the parameters a and ® of this solution satisfy the conditions

(n(o)T(al)YQ):c(El' A ]-cl”EN\H)v {77&07 75@EZ (3.2)
d<Hy> -0 6_<H1> . 0<H1> —0 .
oayT da;T Gyl (3.3)
a2H
det | —= -
¢ dayda,” “ {3.4)

% <Hy> 0% <Hy» 02 <Hy>
danden’  Bwgdwy!  Gasdey’
93 <Hy> 02 (Hy)y 9% (Hy)
00,00,T  d@00,T  dmgdwg! #0 (3.5)
82 (Hy» 9% <Hy» 2 <H»
6m10a2T 0m26a2T 6825827

9% (Hy>
059"

det h

The periodic solutions are represented by series in integral powers of the parameter pu,
converging for all values of time t, provided that the value of p is sufficiently small.

4, Conditions for the existence of periodic solutions in some special cases.
In a number of problems of celestial mechanics the function (H,> is independent, for the
specified commensurabilities of the frequencies (1.4), of the generating values of the variables

"Ov Do, ¢07 i.e.

{H1(ax, Yo, @o. Po)) = (H1(a1)) (4.1)
(in particular, the function {(H;> may be identically equal to zero (see e.g. /4/) or depend
on some of the quantities only). 1In this case conditions (3.3) are satisfied identically,

but condition (3.5) does not hold. This, naturally, does not imply that there are no periodic
solutions for the commensurabilities mentioned above. In this case we must obtain new

sufficient conditions of existence, and we derive them below.
Using formulas (2.5) and taking condition (4.1) into account, we can write the necessary

and sufficient conditions for the existence of periodic solutions of (2.4) as follows:

¥, % {Hy} ) _*H, a{v} 4.2
—L o= [\ TV gy (4.2)
¥ {S 89adyoT }t —o dada,l Pr +}1(< {S W} dt}>+
{S 02(H1;‘ dt} ( 62[1,’,1‘ {S a{H.} dt} .
9%ofyo t=o \ dafa, apo ! t—g
@ <Hy> @ <Hyp> _
6a1T)+9yoT)+“'70
R ) acHy _ _0H,
T day0a, 7 ﬁ +p( 2,7 8a,0a,7
{S KAL) dt} )+...:0
a‘Po =0

Let condition (3.4) hold. Then the second equation of (4.2) will yield

b ((§ e )~ (e ) ) e

Substituting this result into the first equation of (4.2) and carrying out the necessary
reduction, we obtain

Fm ey + S5 ) @

Using conditions (2.3), we expand the left-hand sides of Egs.(4.3) in series in powers

of Bg V1, V2

¥, a<Hgy> 2<®> 93 (Hy> 4.4
o =@ + LR (25 Tl Bt (4.4)
a <> a2 <Hyp> R N n 8% CHy> ] =0
( 30 T it )7‘+( doy amzaa{f)v“r'
Here
— [V} _ B 3 {H,) dt} (4.5
(D_< ayoT {S W dt}) ye=te  0md%T {S dnT + (*:9)
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8 {Hy) a(Hx} ey (¢ 6{111} dt
E A
. .
(5 50 o) S (5§ 550 )

(=

T
(Hiy == S H: (a1, ag, 0 4 @1, @3, 1) dt
o
T

(@) = { @ @1 2 n0t + o1, @2, 1)dt

i

Now using the theorem on implicit functions, we shall formulate the conditions for the
existence of periodic solutions for the case in question, in the form of the following theorem.

Theorem 3. When (4.1) is degenerate, Egs.(1.1)-(1.3) have T-periodic solutions generated
from solution (1.6), provided that the parameters a and @ of this scolution satisfy the
conditions

(O (ag), Q) ==c (ks ..., by Enar)T (4.8)
3 <Hy» #H,

(1) ’ ==0, — 0,

@+ 0% dEtﬁ dayda, 7 u#—_

det " 2 2y ll;e
9%00%0
When conditions (4.6) hold, the system of Egs.(4.2) yields uniguely the quantities Bi, Bs,
Yis V2 as holomorphic functions of the parameter pm. The periodic solutions are represented
by series in integral powers of W, converging at low values of this parameter over the whole
time interval ¢ & (—oo, -}oo).
In exactly the same manner we consider a more general special case when the function
(H,> depends only on some of the quantities appearing in Jo, 9o, Po, i.e.

{HD == (Hi(Jo¥*, @o*, Po*)) (4.7)
Jor =l L P, @ =, ..., @) w —‘(qﬁ'i’n g

Brisats « o0 DT =T*, (Goois - Q) =Q

(Qz+s,+1s coes guIT =

J::::(J*, J’**)T,, (P:((p*’ ‘p**)T’ ‘p:(\pl*’ q’**)T

We denote the corresponding generating values of the variables introduced above, as
follows:

FPre—ay, J** =2y, ¢*=on ¢**=0n, $*=o0n P*=0
Bl = (0u?, 0a7, ayT)  Eu’ = (@17, 0nT, anT)
The method of Sect.2 are used to ascertain the existence of periodic solutions in the

present case. Omitting for brevity the analysis of the conditions of periodicity (2.4), we
formulate the final result as the following theorem.

Theorem 4. 1In the special case (4.7) Egs.{1.1)-(1.3) admit T-periodic solutions generated
from solution (1.6) whose parameters & and o satisfy the conditions

@® (ag), T =c ks, . .., by, kva)™

G<Hy ( o <Hy» a8 (Hy> 8 <Hyy

) —o, <¢**>+6<Ha>“0

0&nT  \ den? | day’ ' danT
8%H, 8 <Hy>
det ——-~l—1 0, det|——22 U0,
Gaom® |7 sl by
-
’ aub > + a2 <H2; 0
35020802

R T—

5. Periodic solutions, degenerate in the (8§ — 1)-th approximation. within
the specified commensurability of the unperturbed frequencies (1.4} we may encounter the
case in which the conditions of periodicity of the solutions of the equations for the first
8§ — 1 -approximations I, J, % (i=1,...,8 —1) will be satisfied identically, and the
resonant terms will appear in condition (2.4) only for Ig Js, ¥s. We shall call the periodic
solutions with the above property provisionally degenerate in the (§ — 1)-th approximation.

The conditions for the existence of the periodic solutions in question are cbtained as
a result of studying the terms of (2.4) up to the order p,s, with help of the methods of Sect.2.
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Omitting the technical details of constructing these conditions, we formulate the final result
as follows.

Theorem 5. Egs.(1.1)-(1.3) have T-periodic solutions, degenerate in the (S — 1)-th
approximation, generated from (1.6), provided that the quantities a and © satisfy the con-
ditions

(n©(ay), Q)T =c(ka, .. ., Ky, Fnsa)T
0<Hg>
@D 2
< >+ T 0
2 H, 8 (@S-, B <Hg>
— 0
det P #0, det “ 7 P

where the function ®®"D generalizing the function (4.5) is given by the formula

5-1
o )(al, az, nO% 4+ 1, @3, t) = (5.1)
S—1 8—j mil
DIPN_ DY ——
m! Qo Oy, Qo O T
=1 m=1 oot ay=m 91,783, ‘9%%‘!’01”5)’0

’ v v P . J
SV, ) (@) g Y

J I 1
{er}Km {Ir,)Kl v {Irm}Km {I,,:a‘

Y=ty
1
Here 2/ denctes summation over the values of K@Y, . K% K®, .., Ky, ..., 1y for
which the conditions "+ ... + 7 =8 —j, KIHeW 4+ 4 K, GIeW= g ;. hold. All
summation indices in (5.1) take integral non-negative values and the derivatives are computed
in the operator sense. When r<{JS, the functions ¥, Ly, Jo, 0®@2¢ -+ @g, ¥y, 2), ..., I, ... are

purely periodic functions of time t, and can be determined uniquely using the method of
successive approximations.

Many more special cases can be studied in exactly the same manner, e.g. when degeneration
occurs with respect to some of the variables in all the r (r<CS) approximations. The results
obtained here can be generalized to cover autonomous Hamiltonian systems.

6. Appendix. We shall use the results obtained to investigate the periodic motions of
a heavy rigid body about a fixed point. We assume that, dynamically, the body is nearly
axisymmetric and its centre of mass lies near a fixed point.

Retaining the notation of /3/, we write the equations of motion of the rigid body in the
form of a canonical, single power system with Hamiltonian K

K(L, 1, e)=Ko(L)+ 3} w°K (L, 1, ¢) 6-1)
o=1
Fi(L,G,1,
Ko=1 =26~ 1 (x — 1), Klz__‘im)g) i
r_ Kt FooF . A—B A
T T 3K, TR 6G lgox, MT T4 0 P

Here p is a small parameter, 4,B,C are the moments of inertia of the body, ¢ is the
energy constant, g plays the part of the independent variable and Fi; is represented by a
known function of the Andoyer variables L, G, H, 1, g

Fy=foo+ fooc08¢g + fag 082l A f) gcos (L4 A) + f, , cos (I 4
g+ A+ f ycos(l—g-A)

The coefficients j;; are determined, using the formulas given in /3/, as functions of
the variables @,89, p (cos® = L/G, cos p = H/G).

When u=20, the periodic solution of the problem has the form
6K0 n, q:
L=ga, l=ngto, n=—-75 =,,—g=—q:— (91, 2= 2) (6.2)

m=ax—1), n,=1—20—d{x—1)

Here a satisfies the condition of commensurability of the unperturbed frequencies n
and ng, w 1is an arbitrary constant.

Using Poincaré's conditions (3.2)-(3.5) the existence of periodic solutions of the
problem in question was proved in /4/ for the case of commensurability m = & ng

Using the results of Theorem 3, we shall show the existence of periodic solutions of
problem (6.1), generated, in-the case of the commensurabilities 1) m = 4 2ng 2) 3n;y = 4-ng
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3) 2n; = +ng from (6.2).
The quantities a4, ® must satisfy, for these solutions, the conditions

3 <K3)y 93K, <Dy  #* <Ky
<@ + 0 = 0, aalo *0, e + 6(1)’. =0, Qny = qalty €3

/8Ky oK, 7 3Ky [ 0K,

@ =g {{ o P> - T {{ G 2> -
Ky 92K, 0K, .
do?  dad {S {S ) dt} dt})

Analysis of conditions (6.3) yields positive results with regard to the problem of the
existence of periodic solutions of the problem for sufficiently small p in the case of the

commensurabilities 1)-3). For example, in the case of commensurability n; =2n, we have
9 <Ky . i
(@) +—35— = ©1,2(8, p, @) sin (@ + 4)

@, , (0, p, ¢) = D sin 2¢ [sin2 0 — sin?p (1 + cos 6 + 2c0s20)]

and conditions (6.3) hold when @+ A=0,7;® ,(0,p, ¢)+0 (here cosd == a/Ko (a), cos p = H/K, (a), H is
an arbitrary constant and D = const=# 0,9, » are the coordinates of the centre of mass of the
body in the fixed coordinate system /3/). We have analogous formulas and arguments in the
case of the commensurabilities 2}, 3).
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AVERAGING IN A QUASILINEAR SYSTEM WITH A STRONGLY VARYING FREQUENCY™

L.D. AKULENKO

The problem of the applicability of asymptotic averaging methods to single-
frequency quasilinear systems are studied for the critical case. It is
assumed that in the asymptotically large time interval under consideration
the frequency (the derivative of the oscillation or rotational phase) is

a slowly varying parameter allowing the singularity to be approximated

by a power function of slow time or of a small parametexr. The value of

the frequence can vary strongly, can become arbitrarily small and equal

to zero, and the "frequency" can even change its sign. Such situations
arise when studying the oscillating and rotating systems, and particularly
often in the problem of the control of specified objects /1/. The present
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